We prove that a class of asymptotically nonnegatively curved manifolds (in the sense of Abresch) satisfying some uniform Euclidean type volume growth conditions contains only finitely many homeomorphism types.
Introduction
Finiteness and precompactness theorems are important and classical results in Riemannian geometry. For example, Gromov's compactness theorem asserts that the set of closed Riemannian manifolds of a given dimension satisfying a uniform upper bound on their diameter and on the absolute value of their sectional curvature, together with a uniform lower bound on their volume, is compact in the C 1,α -topology (for any α ∈ (0, 1)). This implies in particular Cheeger's finiteness theorem, which says that this set contains only finitely many diffeomorphism types. Moreover, if in the assumptions of Cheeger's theorem, one removes the uniform upper bound, then Grove, Petersen and Wu [GPW] were able to get a finiteness result for homeomorphism types. We note that the most natural setting for finiteness theorems is within the set of closed or compact manifolds (or even more general compact metric spaces). For complete noncompact Riemannian manifolds, much less is known, simply because such manifolds may not have finite topological type (i.e. may not be necessarily homeomorphic to the interior of a compact manifold with boundary), so that for example topological invariants like homology or homotopy groups may even not be finitely generated. However, when working with a class of noncompact manifolds for which each element has individually finite topological type, we can ask whether the whole class falls into finitely many topological types. This is done for example for manifolds with finite volume and pinched negative curvature by Fukaya [F] (see also the work of Belegradek [B] ), and by Belegradek and Kapovitch [BK] for some nonnegatively curved vector bundles. In this note, we are interested in the class of asymptotically nonnegatively curved manifolds, which we define now following Abresch ([A1] and [A2] ).
We say that a complete noncompact pointed Riemannian manifold (M, m 0 ) is asymptotically nonnegatively curved if there exists a positive continuous nonincreasing function λ :
where K is the sectional curvature and d is the distance function. It is rather easy to see that a function λ as above satifies λ(t) = o(1/t 2 ) as t → ∞, so that the lower bound on K goes to zero faster than quadratically as distance grows; this justifies the terminology of "asymptotic nonnegative curvature". In [A1] and [A2] , U. Abresch showed that an asmptotically nonnegatively curved manifold has finite topology, with a bound on the number of its ends and the sum of its Betti numbers depending only on the dimension and on the function λ.
For our purposes, it will be convenient to consider the following classes of asymptotically nonnegatively curved manifolds. Given an integer n and a positive constants C, let M(n, C) denote the set of complete n-dimensional manifolds M with base point m 0 satisfying
for some function λ as above. Let us emphasise here that for different elements of M(n, C), we allow different functions λ. Furtheremore, if v is another positive constant, we denote by M(n, C, v) the subset of M(n, C) containing elements M for which the following Euclidean type volume growth condition is satisfied: ∀m ∈ M, ∀R > 0,
where B(m, R) stands for the ball of radius R centered at m, and Vol (B(m, R)) for its volume. Our main result is then Theorem 1.1. Given an integer n and positive constants C and v, the class M(n, C, v) contains finitely many homeomorphism types.
Some comments on the volume growth condition (1.2) are in order. First, if we remove it, Theorem 1.1 clearly fails, i.e. this theorem is not true if we replace M(n, C, v) by M(n, C) (for example because M(n, C) contains all n-dimensional complete noncompact manifolds of nonnegative curvature). Next, the power of R in (1.2) cannot be made greater than n; otherwise stated, manifolds of asymptotically nonnegative curvature have a most Euclidean type volume growth, as follows by the work of S.-H. Zhu [Z] . However, in our context, it may seem quite unnatural to impose a volume growth condition on balls centered at all points, rather than just at the base point m 0 . It is not hard to see that if (1.2) holds only at m 0 and if m is any point, then (1.2) holds also for m, possibly by replacing v by another constant w > 0. But the lack of curvature control at the base point m 0 prevents us from getting a uniform volume growth estimate for the whole manifold. Nevertheless, it is known that for n-dimensional manifolds with nonnegative Ricci curvature (and without any other assumptions), if (1.2) holds at some point m 0 , then it holds on M with the same constant v. This fact is an easy consequence of the Bishop-Gromov volume comparison theorem. Combining this with our Theorem 1.1 yields Let us now say a few words about the proof of Theorem 1.1. The idea is to show that all the topology of elements in M(n, C, v) is concentrated in compact domains for which we have a good uniform control on the geometry, in order to be able to apply a classical finiteness theorem for these compact domains. To be a bit more specific, we use critical point theory for the distance function (see the nice survey of K. Grove [G] for more on this). The main point is to prove the existence of a constant R = R(n, C) > 0 such that if an element (M, m 0 ) ∈ M(n, C) has criticality radius r at m 0 , then it has no critical points outside the ball B(m 0 , rR). Now, it should be noticed that M(n, C) (or M(n, C, v)) is invariant by constant rescalings of metrics. Consequently, by rescaling the metrics if necessary, we may further assume the criticality radius to be constant on M(n, C). It follows by critical point theory that there are positive constants r 0 < R 0 , depending only on n and C, such that if (M, m 0 ) ∈ M(n, C), then M is homeomorphic to B(m 0 , R 0 ), and such that the ball B(m 0 , r 0 ) is homeomorphic to a ball in R n . So in some sense, the topology is concentrated in the annulus contained between the balls of radius r 0 and R 0 . It is then easy to see that for elements of M(n, C, v), these annuli satisfy the assumptions of the Grove-Petersen-Wu finiteness theorem (or more precisely of the version for domains which can be found in [K] ), so that there are finitely many of them, up to homeomorphism. Gluing back the balls B(m 0 , r 0 ) to these annuli gives therefore finitely many homeomorphism types for the balls B(m 0 , R 0 ) (see Lemma 3.1 below), and hence for M(n, C, v).
The plan of the paper is as follows. In Section 2, we prove an angle estimate for critical points on asymptotically nonnegatively curved manifolds. This is the main tool used in Section 3 to prove Theorem 1.1 along the lines indicated above. We conclude the paper by asking an open question concerning possible generalizations of Theorem 1.2, which would allow less restrictive curvature conditions. Acknowledgements. I would like to thank A. Lytchak and V. Kapovitch for bringing to my attention reference [K] .
Critical points and angle estimates
In this section, we prove a useful technical result (Lemma 2.3 below) for critical points on asymptotically nonnegatively curved manifolds. Although not explicitely stated, this result can actually be found in the proof of [A1] [Theorem 3, Chapter III]. Here, we will give a slightly different proof of it. Roughly speaking, Lemma 2.3 will allow us to control, for any (M, m 0 ) ∈ M(n, C), the largest critical value of d(m 0 , .) in terms of its least positive critical value. To achieve this, we use the following result, which was obtained in [Y] [Lemma 3.1] (see also [SS] ). We shall also need the following result of Abresch [A1] [Proposition 1, Chapter III], which is a consequence of his Toponogov theorem for manifolds with asymptotically nonnegative curvature. 
With the help of these preliminary results, we can now state and prove our main lemma: Proof. Choose η = η(2C) as in Lemma 2.1 (from the proof of this lemma, we may assume η to be less than 2). Let a be a positive real number satisfying
Then we claim that cos α < 1 − a 2 e −2C /4.
Indeed, if this does not hold, then we can apply Lemma 2.2 with
On the other hand, it is easy to see that for any t > 0, we have λ(t) ≤ 2b(λ)/t 2 , so that any manifold in M(n, C) has lower (2C)-quadratic curvature decay. Therefore, by the estimate of Lemma 2.1, we have
Together with inequality (2.1), this contradicts the choice of a.
From local to global finiteness
In this section, we prove Theorem 1.1. As pointed out in the introduction, we will try to reduce the problem to a finiteness problem for compact domains. We begin with an elementary but useful result in topology, which is probably well known. Roughly speaking, it says that if we glue a Euclidean ball to a topological space along a sphere, then the topology of the resulting space does not depend on the gluing. I would like to thank Andrei Teleman for explaining me the proof. Proof. Let f, g : ∂X → S be homeomorphisms. For a point u ∈ X ∪ B, we will denote by [u] f (respectively by [u] g ) the corresponding point in X ∪ f B (respectively in X ∪ g B). We want to show that the spaces X ∪ f B and X ∪ g B are homeomorphic. To do this, we consider first the map µ = g •f −1 , which is a homeomorphism of the sphere S. Then µ can be extended to a homeomorphismμ of the ball B (this can be achieved explicitely as follows: use polar coordinates (r, θ) ∈ [0, 1] × S, and putμ(r, θ) = (r, µ(θ))). We define now a map
It is straitforward to check that ϕ is well defined, that is, ϕ([u] f ) does not depend on the representative u of the class
This means precisely that ϕ is well defined. Furthermore, ϕ is bijective, its inverse being defined similarly by replacingμ byμ −1 . Finally, we see that ϕ is a homeomorphism.
Note that the result is clearly still valid if we assume that X has merely a boundary component which is homeomorphic to a a sphere. As a direct consequence of this, we can prove Proposition 3.2. Given an integer n, assume that M is a class of complete noncompact n-dimensional manifolds M satisfying the following properties:
(1) there exist m 0 ∈ M and R > 0 such that M is homeomorphic to the ball B(m 0 , R), Proof. By the first assumption, it is enough to show that the balls B(m 0 , R) fall into finitely many homeomorphism types. Now, each such ball is obtained by gluing the annulus A(m 0 , r, R) to the ball B(m 0 , r) along their common boundary. By the second assumption and Lemma 3.1, the homeomorphism type of B(m 0 , R) does not depend on the gluing, but only on the homeomorphism type of A(m 0 , r, R). The conclusion then follows from the third assumption
Now we can state and prove our main result.
Theorem 3.3. Given an integer n and positive constants C and v, the class M(n, C, v) contains finitely many homeomorphism types.
Proof. We will show that M(n, C, v) satisfies the assumptions of Proposition 3.2. First of all, we note that M(n, C, v) is invariant by constant rescalings of metrics. Namely, if (M, g) is an element of M(n, C, v) with corresponding function λ, and if k is a positive constant, then (M,g := k 2 g) is also asymptotically nonnegatively curved with associated functionλ(t) = λ(t/k)/k 2 , so that b(λ) = b(λ). Moreover, the volume growth condition is also preserved. Now, if we rescale a metric, the set of critical points of the distance function to a fixed point obviously remains the same. As a consequence, we may assume that whenever we have an element of M(n, C, v), its metric is rescaled so that its criticality radius at its base point is for example 2. Hence, by critical point theory, the second condition of Proposition 3.2 is satisfied with r = 1 for example. Next, fix an element M ∈ M(n, C) with base point m 0 . Assume that for some integer p ≥ 2, q 1 , . . . , q p are critical points of d(m 0 , .) such that for
By Lemma 2.3, the angle at m 0 between any two minimizing geodesics joining m 0 to q i and q i+1 respectively is greater that some α 0 > 0 which depends only on C. Therefore, the number p of our critical points is less than or equal to the number of disjoint balls of radius α 0 in the standard (n − 1)-dimensional unit sphere. A classical packing argument shows that the number of these balls is bounded above by a constant depending on n and α 0 . Hence, p is bounded above by some integer N depending only on n and C. If we assume that the criticality radius at m 0 is 2, then it follows that there are no critical points of d(m 0 , .) outside the ball centered at m 0 and of radius R = 2 * (N + 1). As a consequence, M(n, C) (and therefore also M(n, C, v)) satisfies the first condition of Proposition 3.2 (with a uniform R for the whole family). It remains to show that the third condition of this proposition alos holds. For this, we will use a local version of the topological finiteness theorem of Grove, Petersen and Wu [GPW] . This local result can be found in Vitali Kapovitch's notes on Perelman's stability theorem [K] [Theorem 7.11 and Remark 7.13]. It says that to show homeomorphism finiteness for the annuli A(m 0 , 2, R), it is enough to check that these annuli have (i) a uniform lower bound on their sectional curvature, (ii) a uniform lower bound on their volume, (iii) a uniform upper bound on their diameter.
As noticed in the proof of Lemma 2.3, elements of M(n, C) have lower (2C)-quadratic curvature decay, so that any annulus A(m 0 , 2, R) has its sectional curvature bounded below by C/2. The bound (ii) on the volume is a direct consequence of the volume growth condition for elements in M(n, C, v), and (iii) is obvious. This finishes the proof.
Final comments
We would like to consider here more general curvature conditions than asymptotic nonnegative curvature. Namely, for an integer n and a positive constant C, let Q(n, C) (respectively |Q|(n, C)) denote the set of pointed complete noncompact n-dimensional manifolds having lower C-quadratic curvature decay (respectively C-quadratic curvature decay), i.e. such that ∀m ∈ M ,
).
A result of Gromov states that any noncompact manifold carries a complete metric of C-quadratic curvature decay for come C > (see [LS] [Lemma 2.1]). Therefore, it seems that in this generality, nothing can be said on the topology of elements of Q(n, C) or |Q|(n, C). However, Sha and Shen were able to prove that if an element of Q(n, C) has nonnegative Ricci curvature and satisfies the Euclidean volume growth condition (1.2) for some v > 0, then it has finite topological type (see [SS] [Theorem 1.1], or [Y] [Corollary 1.3]). Note that, as we have already seen, asymptotically nonnegatively curved manifolds are particular cases of manifolds with quadratic curvature decay; more precisely, we have the inclusion M(n, C) ⊂ Q(n, 2C). In view of Sha and Shen's result and our Theorem 1.2, it is then natural to ask the following question:
Question 4.1. For fixed n, C and v, is it true that the subset of Q(n, C) (or of |Q|(n, C)) consisting of manifolds of nonnegative Ricci curvature and satisfying the volume growth condition (1.2) contains finitely many topological types?
We could try to give an affirmative answer by mimicking the strategy of proof of Theorem 1.1. Everything would work the same way, except that there is no version of Abresch's angle estimate (Proposition 2.2) for manifolds with quadratic curvature decay. Finally, let us recall that [Y] [Theorem 1.4] can be viewed as a positive answer to our question, in a particular case: 
